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THE MOBIUS FUNCTION AND DISTAL FLOWS
JIANYA LIU & PETER SARNAK

ABSTRACT. We prove that the Mobius function is linearly disjoint from an analytic skew
product on the 2-torus. These flows are distal and can be irregular in that their ergodic
averages need not exist for all points. We also establish the linear disjointness of Mobius
from various distal homogeneous flows.

1. INTRODUCTION

Let 2" = (T, X) be a flow, namely X is a compact topological space and T : X — X
a continuous map. The sequence £(n) is observed in 2 if there is an f € C'(X) and an
x € X, such that {(n) = f(T"x). Let u(n) be the Mobius function, that is u(n) is 0 if
n is not square-free, and is (—1)" if n is a product of ¢ distinct primes. We say that pu is
linearly disjoint from 2" if

% Z p(n)é(n) — 0, as N — oo, (1.1)

n<N

for every observable £ of 2. The Mobius Disjointness Conjecture of the second author
asserts that u is linearly disjoint from every 2 whose entropy is 0 [16], [I7]. The results
for p(n) in this paper can be proved in the same way for similar multiplicative functions
such as A\(n) = (—1)"™ where 7(n) is the number of prime factors of n. This Conjecture
has been established for many flows 2" (see [5], [14], [9], [3], [2]) however all of these flows
are quasi-regular (or rigid) in the sense that the Bikrhoff averages

e (12)

n<N

exists for every & observed in 2. In this paper we establish some new cases of the
Disjointness Conjecture and in particular for irregular flows 27, that is ones for which
(L2) fails. These flows are complicated in terms of the behavior of their individual orbits
but they are distal and of zero entropy, so that the disjointness is still expected to hold.
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Our first result is concerned with certain regular flows, namely affine linear maps of a
compact abelian group X. Such a flow (7', X) is given by

T(z)=Ar+Db (1.3)
where A is an automorphism of X and b € X (see [10], [11]).

Theorem 1.1. Let 2" = (T, X) be an affine linear flow on a compact abelian group which
is of zero entropy. Then yu is linearly disjoint from Z .

The flows in Theorem [L.1] are distal, and our main result is concerned with nonlinear
distal flows on such spaces. We restrict to X = T? the two dimensional torus R?/Z?* and
consider nonlinear smooth (or even analytic) skew products as discussed in Furstenberg
[6]. T : T* — T? is given by

T(z,y) = (ax + o, cx + dy + h(x)) (1.4)

where a,c,d € Z,ad = +1,a € R and h is a smooth periodic function of period 1. The
affine linear part is in the form

{‘C‘ 2} € GLy(2),

ensuring that S has zero entropy (and it can always be brought into this form). The flow
(T, T?) is distal and this skew product is a basic building block (with e(h(z)) continuous)
in Furstenberg’s classification theory of minimal distal flows [7]. If « is diophantine, that

1S

a c
a__ JES—

ql  q"
for some ¢ > 0,m < oo and all a/q rational, then T" can be conjugated by a smooth map
of T? to its affine linear part

(z,y) = (ax + o, cx + dy + ) (1.5)

g = /01 h(z)dx

(see [15]). Hence the disjointness of pu from 2 = (T,T?) for a T with a diophantine
«, follows from Theorem [Tl However if « is not diophantine the dynamics of the flow
(T, T?) can be very different from an affine linear flow. For example, as Furstenberg shows
it may be irregular (i.e. the limits in (I.2]) fail to exist for certain observables). Our main
result is a proof that these nonlinear skew products are linearly disjoint from p, at least if
h satisfies some further technical hypothesis. Firstly we assume that h is analytic, namely
that if

>

where

h(z) = h(m)e(mz) (1.6)

meZ
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then
h(m) < e~™™ (1.7)
for some 7 > 0. Secondly we assume that there is 75 < oo such that
|h(m)| > e~2Im (1.8)

This is not a very natural condition being an artifact of our proof. However it is not too
restrictive and the following applies rather generally (and most importantly there is no
condition on «).

Theorem 1.2. Let 2" = (T, T?) be of the form (1.4), with h satisfying (1.7) and (L8).
Then p is linearly disjoint from Z .

Theorem [[.1] deals with the affine linear distal flows on the n-torus. A different source
of homogeneous distal flows are the affine linear flows on nilmanifold X = G/I" where
G is a nilpotent Lie group and I' a lattice in G. For 2" = (T,G/I') where T'(z) = axl’
with a € G, i.e. translation on G/I', the linear disjointness of ;1 and 2" is proven in [§]
and [9]. Using the classification of zero entropy (equivalently distal) affine linear flows on
nilmanifolds [4], and Green and Tao’s results we prove

Theorem 1.3. Let 2" = (T,G/T") where T is an affine linear map of the nilmanifold
G/T of zero entropy. Then p is linearly disjoint from 2 .

We end the introduction with brief outline of the paper and proofs. Theorem [T with a
rate of convergence is proved in §2. We first reduce to the torus case and then handle the
torus case by Fourier analysis and classical results of Davenport and Hua on exponential
sums concerning the Mobius function, which is stated as Lemma[2.1]in the present paper.
The proof of Theorem occupies §83-6. The assertion of Thereom holds for all «,
and so we have to consider all diophantine possibilities of . The case when « is rational
is easy and this is done in §3. When « is irrational we have to distinguish three cases (A),
(B), and (C), and the first two cases with rates of convergence are handled in §4 and §5
respectively via different analytic techniques. The most complicated case (C) is studied
in §6, and the tool for this is the Bourgain-Sarnak-Ziegler finite version of the Vinogradov
method (see Lemma [6.2]), incorporated with various analytic methods such as Poisson’s
summation and stationary phase. Thus in case (C) we offer no rate. Furstenberg [6] gives
examples of skew product transformations of the form (L4]) which are not regular in the
sense of (L.2)). Many of the flows 2 in Theorem have this property and we show in
§7 that Furstenberg’s examples are smoothly conjugate to such Z2’s. In particular his
examples are linearly disjoint from p. By analyzing the structure of affine linear maps of
nilmanifolds, Theorem [[.3] is reduced in §8 to a recent result of Green-Tao of polynomial

obits on nilmanifolds (see Lemma [BT]).
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Throughout the paper there are various double exponential functions like e(e(f(n)))
against the Mobius function p(n) where e(x) = €™ as usual, and so we have to keep
track of the dependence of each parameter very carefully.

2. THEOREM [L.1]

2.1. Reduction to the toral case. We first reduce to the case that X is a torus (not
necessarily connected), that is X = T" x C = R"/Z" x C for some integer r > 0 and C'
is a finite (abelian) group. Since the linear combinations of characters ¢ € I' := X , the
(discrete) dual group of X, are dense in C'(X) it suffices to show that

% S pn)p(T7z) =0, as N — oo (2.1)

n<N
for every fixed x € X and ¢ € I So fix ¢ € T" and let Cy be the smallest closed
subgroup of I' containing ¢ and invariant by A. Here we are denoting by T the affine
linear map Tx = Az + b of X and A acts on I' by Ap(z) = ¢(Az) for p € I,z € X. If
C' is a subgroup of I' let C* the annihilator of C' be the closed subgroup of X given by
C+={z e X :c(z) =1forall c € C}. Set Xy to be the compact quotient group X/C;.

By deﬁnitionm = Cy. Forz € X and y € Cy,
T(x+y)=Alx+y)+b= Az +b+ Ay = Az + bmod Cy;

since Ol is A-invariant. Hence T'(z +y) = Tz mod C;, that is T' induces an affine linear
map Ty of X,. Put another way the flow 2, = (T}, Xy) is a factor of 2" = (T, X).
Since we are assuming that 2" has zero entropy it follows that so does Z7. This in turn
implies that Cy, is finitely generated, as shown by Aoki (see [1] page 13). Being the dual
of Xy it follows that X, is isomorphic to T" x C' for some r > 0 and finite C'. Moreover
forn >0

W(T"x) = (T )

where in the last 2 is the projection of x in X, and {ﬂv is the character on X, induced by

. In particular the observable ¢ (T"z) on 2" is equal to ¥(T}4) on Zy. Thus 2.1) will
follow from the linear disjointness of the Mobius function from 2. This completes the
reduction to the toral case.

2.2. Affine linear maps on a torus. We have reduced Theorem [[.1] to the case that
2 = (T,X) with X = R"/Z" x C with C finite and T in the form (L3]) and of zero
entropy. For our purpose of examining observables {(n) in this flow, we can “linearize”
the flow by doubling the number of variables. That is consider Y = X x X and the linear
automorphism W given by

W($1,$2) = (A$1 + T2, $2). (22)
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% = (W,Y) is clearly of zero entropy since 2" is so, and the orbit W"(xy,b) is equal to
(T™x1,b),n > 1. Hence it suffices to prove Theorem [[1] for such #’s. That is we can
assume that 2" = (W, X) with X = R™/Z™ x F, F finite and W is a linear automorphism
of X of zero entropy. Either by noting that the induced action of W on X must preserve
1 X F (since these are precisely the elements of finite order in X ) or using the continuity of
W to conclude that it preserves the connected component of 0 in X (i.e. R™/Z™ x {0}),
we see that W takes the block triangular form

W, f)=(BO+Cf,Df) (2.3)

where B : R™/Z™ — R™/Z™ is an automorphism of this (connected) torus, C' : F —
R™/Z™ is a homomorphism and D : F' — F'is an automorphism of F'. The automorphism
B lifts to a linear automorphism B of R™ which preserves Z™, so that B € GL,,(Z). Since
W has zero entropy so does B and it is known that this implies that Bis quasi-unipotent
[4]. That is, for some vy > 1, B = U is unipotent, or U = I + N; with N; nilpotent and
I the identity matrix. Also since F' is finite it is clear that D> = I for some 15 > 1. Let
v = lem(vy, 12). Then we have that

W0, f) = (L + Ni)b + C1 f, f) (2.4)
where C) is a morphism from F' to R™/Z™. In particular
S :=W"=I+N (2.5)

where N : X — X satisfies N¥*! = 0 for some k& > 0. Thus for ¢ > 0 an integer

q min(k,q)
_ q t_ q t
o3 (=5 (0 a6
t=0 t=0

Writing n > 0 as n = quv + [ with 0 <[ < v we have
Wn = qu/—i—l — (I)q-‘,-l
and hence if x € X and n = qv + [ then
min(k,q) q min(k,q) q
Wy = N'W'y = 2.7
-3 (t) > (t)gl,t 27)

where

&= W'N'z. (2.8)
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For q varying, ¢ > k and ¢ € X fixed we have

sovetny = o3 (D)a)

= w(fz,o)w(fz,l)(g)@b(&,z)(g) o '@D(&,k)(Z)- (2.9)

The character ¢ € X has the form ¢ : z — e((v,z)) for some v = (vy,...,vp) € Z™
where (v,z) means the dot product in R™, and hence the right-hand side of (2.9 is
e(Y(q)) where Y (q) is a polynomial in ¢ with degree < k and coefficients depending on
v and the £’s. Changing variables from g to n by n = vg+ 1 with 0 <[ < v — 1, we see
that Y (q) = ¢(n) a polynomial in n with degree < k and coefficients depending on v, v,
and the ¢’s. It follows that

A
|
—_

Y ump(Wrz) = > uny(Wr)

n<N =0 n<N
- n=Il( mod v)
v—1
=Y Y umeom). (2.10)
=0 n<N
n=I( mod v)

Theorem [Tl for (W, X)) now follows from the following classical result proved by Dav-
enport [5] for ¢ linear and by Hua [12] for ¢ nonlinear. This lemma will also be used in
later sections.

Lemma 2.1. Let v be a positive integer and 0 < [ < v. Let
o(u) = agu + ag_u™t + -+ aqu + ag

be a real polynomial of degree d > 0. Then, for arbitrary A > 0,

Yo un)e(é(n)) <

n<N
n=Il( mod v)

— 2.11
logh N ( )

where the implied constant may depend on A and v, but is independent of any of the
coefficients ayg, . . . , ag.

This can be established by Vinogradov’s method or its modern variants, such as Vaughan’s
identity or Heath-Brown’s identity. The estimate (2.I1]) with the congruence condition
n = [(modv), but with p replaced by A the von Mangoldt function, was established in

Hua [12], Theorem 10.
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3. THEOREM WITH @ RATIONAL

3.1. Reduction. Without loss of generality we may assume that a = d = 1 in (L4).
Thus

T: (z1,22) = (z1 + o, cxy + 22 + h(x1)), (3.1)
where ¢ € Z,a € R and h is a smooth periodic function of period 1. Since the linear
combinations of characters ¢ € T? are dense in C (T2), it is sufficient to show that

Z wn)Y(T"z) = o(N), as N — oo

n<N

for any fixed z € X and any fixed ¢ € T2. Note that any ¢ € T2 has the form 1 : z —
e({b, z)) for some b = (by,by) € Z* where (b, z) means the dot product in R?. Applying
(B0 repeatedly, we have T : (1, 22) — (y1(n),y2(n)) with

y1(n) = x1 + na, (3.2)
n(n —1) — ,
y2(n) = c——g—atonz + ot Z h(zy + ja). (3.3)
=0
It follows that
n—1
(b, y(n)) = biyr(n) + bays(n) = P(n) + by Y h(zs + ja),
=0
where
n(n —1)
P(n) = bi(x1 + na) + by c——a +cnxy + 9 |, (3.4)

a polynomial of n with degree at most 2 and with coefficients depending on «, x;, ¢, and
b. Put

S(N) = > un)e((b,y(n))

n<N
n—1
= Z ,u(n)e(P(n) + by Z h(zy + ja)). (3.5)
n<N §=0
Then the aim is to prove that
S(N) =o(N) (3.6)

for any fixed * = (x1,75) € T? and any fixed b = (by,by) € Z*, which will be done in
§83-6. We may suppose that by # 0 since otherwise ([3.0) follows from Lemma 2.1] with
v = [ =1 immediately.
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Some of our results in §§3-6 actually hold for any smooth periodic h, not necessarily
analytic. Suppose that h : R — R is a smooth periodic function with period 1. Then it
has the Fourier expansion

h(z) = h(m)e(mz), (3.7)
meZ
which converges absolutely and uniformly on R, and its coefficients iz(m) satisfy
h(m) <4 (jm| +2)~ (3.8)

for arbitrary A > 0. We can transform S(NN) by inserting the Fourier expansion (3.7) of
h. Thus,

i
L
L

n—

Wy +ja) = > h(m)e(mar) > e(jma)

=0 meZ J=0
. e(nma) — 1
meZ
where we understand that
—1
elnma) — 1 =n for ma € Z. (3.9)

e(ma) — 1
This can happen only when « is rational. It follows that

SV =3 u(n)e(P(n) 5y ﬁ(m)e(mxl)%). (3.10)

n<N meZ (ma) —1
3.2. The case of rational a. In this section we establish (3.6) for rational c.

Proposition 3.1. Let S(N) be as in (3.3), and h : R — R a smooth periodic function
with period 1. If o = a/q € Q, then
S(N) < Nlog N, (3.11)

where A > 0 is arbitrary, and the implied constant depends on A only.

Proof. By (310) and (39),
S(N) = p(n) <P(n) +bn Y z}(qm)e(qul)) .

n<N meZ

The last series over m is absolutely convergent, and its sum is a constant [ depending on
x1 as well as @ = a/q. Hence

S(N) = 3 un)e(P(n) + bafin),

n<N
8



from which and Lemma 2] the proposition follows. O

4. THE CONTINUED FRACTION EXPANSION OF «

4.1. The continued fraction expansion of «. From now on we assume that « is
irrational, and our argument will depend on the continued fraction expansion of a. Every
real number « has its continued fraction representation

1
a=ag+—— (4.1)
R

where ag = [a] is the integral part of o, and ay, ay, . . . are positive integers. The expression
(A7) is infinite since o & Q. We write [ag; a1, ag, . ..] for the expression on the right-hand
side of (A.1]), which is the limit of the finite continued expressions

1
lag; ay, ag, ..., a) = ag + ———— (4.2)
a a2+'~~+i
as k — co. Writing
Iy
- = [a(); a1, G2, ..., ak]a
dk

we have ly = ag, [y = aga; + 1,90 = 1,¢q1 = aq, and for k > 2,
b= aplp—1 + k-2, @ = arqe—1 + qr—2

Since « is irrational we have qxy1 > qx + 1 for all £ > 1. An induction argument gives
the stronger assertion that ¢, > 2 =1/2 for all k > 2, and thus ¢ increases at least like
an exponential function of k. The irrationality of a also implies that, for all k£ > 2,

1 s 1
<la—2| < ,
201QK+1 rQr+1

qk
which will be used in our later argument.
Let Q be the set of all ¢ with £ = 0,1,2,...; note that ¢qg = 1. Sometimes it is
convenient to abbreviate ¢; to ¢, and ¢z,1 to ¢*. Let B be a large positive constant to be
decided later. The set Q can be partitioned as @° U QF where

Q@ ={geQ:¢"<q¢"}, ={9€Q:q">¢"}. (4.4)
Lemma 4.1. Let h : R — R be a smooth periodic function of period 1. Then the following

two series
ST il & X ol 5

q€Q q<m<qt qub q<m<qt

atm qlm

(4.3)

are convergent.



Proof. We first establish the convergence of the first series in (4.5). By (4.3), o can be
written in the form

! gl
a:_+77 quv lvq:177<1
q qlg+1) (a) |
Therefore, form=1,2,...,q — 1,
l l !

q q¢g+1) ¢ q+1

and hence

g—1 1

Z Tl ~ 2 A

q+1 ”

We write ml = r(modgq) with 1 < |r| < ¢/2, so that the last denominator is

Il W _ @Dl —alyl oIl
T g g+l gl¢+1) " alg+1)
and consequently

q—1

1
< Z @ < q(qg+1)logg.

Hma“ 1<r<q/2

m=1

It follows that, for any positive t,

Z < < +1)q log g. (4.6)
IhnaH
qu

By (B.8)) and partial integration,

()| m [ { 1 }
< < t™d
2 Tmall < 22 fomal <, 2 Tomal

g<m<gqt <
afm atm afm

o t
< ¢ logq/ =4 (5 + 1) dt < ¢ logyg,
q

and hence the first series in (43) is convergent.
Next we consider the second series in (L.5). Again by (43)),

q " agt

< |moa—m

2qq+
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Since ¢|m, we may write m = m’q, and hence the above becomes

/ m/
e < |lma|| < et

It follows that

1 < 2q™" Lo gt

g<m<qt m/<qt/q
q|lm

and the last term is < ¢”log(¢?) since ¢ € @°. From this and (3.8) we deduce that

h(m
Z | ( )‘ < q_A+B10g(qB),

[[ma]
g<m<qt
q|m
which proves that second series in (4.0) is also convergent. The lemma is proved. O

4.2. Transformation of the sum S(N). Lemma [41] can be used to understand the
sum over m in (3.10); it implies that the following two series

Z Z h(m mzl)% (4.8)

q€EQ gq<m<qt

gtm
and

S % im mxl)% (4.9)

qeQ’ g<m<qgt
q|lm

are absolutely convergent. Denote by g(na + 1) the sum of these two series, that is
e(nma)
n e(mx)) ————
st ) ={ X X+ X X fitmetma
qEQ g<m<q™T qeQb g<m<qt
atm qlm
where g : R — R is a smooth periodic functions of period 1. It follows that
nma) — 1
S X ¢ XY pmema) ERE L = gtnat ) gt
e(ma) — 1
qeQ g<m<qT qGQb g<m<qt
qam qlm
Therefore the sum over m in (3.I0]) can be written as

g(x1 + na) — gl(lscl) + H(x) (4.10)



with

Z Z h(m)e(ma; %. (4.11)

qe Q! q<ZT:1q+
Inserting these into (3.I0), we have
S(N) = e(—bag(x1)) Z p(n)e{bag(na + x1) + P(n) + by H(n)}
n<N

with P as in (3.4)).

In the following we shall prove that the factor e{bsg(na + 1)} can be removed by
Fourier analysis, and is hence harmless. Since g : R — R is a smooth periodic function of
period 1, we have the Fourier expansion

e(bag(w)) =Y a(m)e(mu), (4.12)

meZ

where

a(m) = /0 e (bag () )e(—mu)du.

Since g(u) depends on the constant B in (4.4]), we see that a(m) depends on by and B
only. The series (L.12) converges absolutely and uniformly in « € R, and hence

S(N) < | u(n)e{P(n) + bH(n)} > a(m)e(ma; + mna)
< 3 latm| 32 noefout o) + () +
< iurg Z pu(n)e{boH(n) + P(n) + mna}|, (4.13)

n<N

where the implied constant depends only on by and the constant B in (4.4]). The polyno-
mial P(n) + mna is harmless, but the complexity comes from H(n) which we deal with
in the following subsections.

4.3. Theorem with « irrational. To estimate the right-hand side of (4I3]), we
rewrite the function H in (£LI1) as
=Y F(niq)

qeQt
12



where

Fig= Y ﬁ(m)e(mxl)%. (4.14)
qSZﬂ‘u;q7L

We want to truncate H(n) at Y, where Y is to be decided a little later. Application of
(L7) gives, for |m| >Y,

- e(nma) — 1

—TYN
h(m)e(mzl)ie(ma) ] <Le :
and therefore
H(n) =Y _ F(n;q)+O0(e ™ N)=: F(n)+O(e”™N). (4.15)
qeof
If we set
Y = 5 log N, (4.16)
T

then the last O-term in (#I5) is < N~7, and hence (#I3) becomes
S(N) < 1+sup|T(N)|, (4.17)

where we should remember the implied constant depends only on b, and B, and where
we have written

T(N) =Y p(n)e{bF(n) + P(n) + mna}. (4.18)
n<N
Thus the estimation of S(NV) reduces to that of T'(N).

Further analysis on F'(n) is necessary. Recall that ¢© > ¢? for any ¢ € Q. Also for
any ¢ € QF, we have by ([3) that

™ e - ﬁl\ <
2qq* q| aq*
If it happens that g|m, we change variables m = gm’ so that the above becomes
/ /
37 < Imaall < Z% (4.19)
For further analysis we write
O = {my, my,...}.
Noting that
my <mP <mf <mg<mP<my <. (4.20)

13



we deduce that m$ > m% > (mP)? = mP’, and consequently

mi >my’ (4.21)

for all j > 1. The sequence (£20) should also be truncated at Y. Since m; — oo as
J — 00, there exists a positive integer J such that

my <Y < myy1. (422)
From this and (£.21]), we can bound J from above as

log o8 log log log N
JS logmy +1<< 0g log log

log B log B

where we have used the definition of Y in (£I6) and therefore the implied constant
depends on 7. If we write ¢ = m; in (L19) and change variables as m = m/m;, then

(4.23)

5 e(nm'm;a) — 1
F’](n) = F(n; mj) = Z h(m]'m/)e(mjm/xl) e(m’mj]a) 1 (424)
1<Im/|<M;
where M; :=m} /m; for j=1,...,J — 1, but
MJ = Y/mJ (425)

In ([£24) we have

!/ !/

5 F < |m'm;al| < T (4.26)
j j
and if we write 6; = ||m;a|| then the above with m’ =1 gives
1 1
— <0; < — 4.27
omt 7 T mf (4.27)
for all j > 1. Hence (£.24) can be written as
Fy(n) = f(nb;), (4.28)
with
. e(xm) — 1
f](l’) = Z h(mjm)e(mjmxl)m, T € [9] QJN] (429)
1<|m|<M; J
We conclude that the function F(n) in ([4I8]) is of the form
F(n) = fi(nb1) + - - f5(nb,). (4.30)

This is the expression from which we start to handle the factor e(byF'(n)) in (EIS).
14



With f; as in (£.29) we set
o= S mplhmm). (4:31)
1<|m|<M;

Let C' > 0 be a large constant to be specified at the end of §6. We need to consider three
possibilities separately:

(A) m5®; <log'® N;

(B) (m})? > ®;N*log® N;

(C) mF®; > log"” N and (m7F)* < ®;N*log® N.
In cases (A) and (B), the factor e(boF'(n)) will be handled by Fourier analysis and

Lemma 2.1] while in case (C) by a finite version of the Vinogradov method (Bourgain-
Sarnak-Ziegler [3]), as well as Poisson summation and stationary phase.

4.4. Theorem with « irrational: case (A). In this subsection we prove the fol-
lowing proposition.

Proposition 4.2. Let S(N) be as in (3.5), and h an analytic function whose Fourier
coefficients satisfy the upper bound condition (1.7). Assume condition (A). Then

S(N) < N(log N)3¢+5=4 (4.32)

where A > 0 is arbitrary, and the implied constant depends on A, T, and by, but uniform
in all the other parameters.

We remark that the lower bound condition (L)) is not needed in Proposition .2

Proof. 1t suffices to bound T'(N) defined as in (4.I8)) under the condition (A). Our analysis
starts from f;. Recall that

fi(x) = Z ﬁ(mlm)e(mlmxl)

1<|m|<My

e(zm) — 1

W, S [91,91]\]]. (433)

It is easy to compute the first and second derivatives of f;, that is

e(xm)

f{(l‘) = 2m Z mh(mml)e(mmlxl)m, x e [‘91,91]\7],
1§\m\<M1
and
" _ -\ 2 27 e(:z:m)
T(x) = (2mi) Z m h(mml)e(mmlxl)m, x € [01,0,N].
1<|m|<M;
Trivially we have
)< S lhlmm)| < 2L, fle) < 2
1z 91 mimg 91 ) 1@ ‘91 ’

1§|m|<M1
15



where the implied constants are absolute. Note that e(byfi(z)) is a smooth periodic
function on R, and hence can be expanded into Fourier series

e(bafi(x)) =Y a(k)e(k), (4.34)

kEZ

where

a(k)z/o e(bafi(x))e(—kx)dx. (4.35)

We must compute the dependence of a(k) on f; and by. By partial integration we have

all) = —gor | elbah@)de(—ko)
= =2 [ e fi@re(—koyts
My TR N
Since
ALV — eap o) 0) + sl

IN

P, 1\’

19 -1

91 + 7Tbg < 91 ) s
we can bound a(k) as follows

la(k)| < (% + (%)2) % (4.36)

for k # 0. Obviously for k = 0 we have |a(0)| < 1. It follows that

Sl = 1+ (3 (7)) 2

kEZ

< (4by)? <1 + %)2 < (8b9)*(1 + mf @), (4.37)

1

where in the last step we have applied } -, |k|72 < 4 as well as ([£27).
Now we can remove the factor e(by fi(n6;)) from any sum of the form

Z p(n)e(by fi(ndy) + G(n))

n<N
16



where G(n) is a function of n. Indeed, on inserting the Fourier expansion of e(by f1(x)),
the above sum in absolute value can be written as

> un)e(G(n) Y alky)e(nkibr)

< S Jalkn)l| S ume(nkaty + G(n)

S (862)2(1 + mf®1)2 sup
k1,01

> u(n)e(nkiby + G(n))

n<N

Y

by (£37). In this way the factor e(befi(n#1)) has been removed. Of course, the same
argument applies to e(baf2), ..., e(baf;), and hence ([LI8) becomes

IT(N)| < X, (4.38)
where
Y =sup Z p(n)e{n(ki6y + - - -+ ks0;5) + P(n) + mna} (4.39)
n<N
with the sup taken over a,m, ky,..., ks, 01,...,60;, and where
J
I = (8by)™ T](1 4 m) ;). (4.40)
j=1
The sum ¥ above can be estimated by Lemma 2.1]
¥ < Nlog™* N, (4.41)
where the implied constant depends on A, but independent of all the other parameters.
To estimate II we need to compute m7 ---m7_ ;. From ([#20) we deduce by induction
that (m;r)BFF1 <mj}_, forj=1,...,J —1, and therefore

—J+2, p—J+3 ... RO
mi-emi_y < (my_)P T < ()%,

By definition there is a constant &K > 1 depending on 7 such that the inequality ®; < K

holds for all j. Hence

J—-1
[[Q+me)? < @K) " (mf ---mj_,)* < (2K)" (m]_,)",

i=1
17



and this can be used to bound II as follows:
J-1
I = (8h)(1+mj®,)* [[(L+m] ;)

J=1

< (166,K)% (1 + mb®,)2(mt_ )"
By (A21]) we have

2J log(16bg K) o
(166 K)* =m, ™ <mP  <m}

if B is sufficiently large in terms of K and bo, that is in terms of 7 and by. It turns out
that for this purpose the choice B = 4[log(16b2K)] is acceptable, where [z] denotes the
integral part of x. Note that m}r_l <my <Y with Y as in (£I6]). These together with
condition (A) give

< (1+mi®;)’m) < (1+mid;)%Y" < (log N5+ (4.42)
with the implied constant depending on 7 only. This is the desired upper bound for II.

Inserting (£.42) and (£41]) back into (£38), we get
T(N) < N(log N)¥¢+5-4,

where the implied constant depends only on A and 7. From this and (4.17)) we conclude
that

S(N) < 1+ N(log N)3¢+5=4

with the implied constant depends on A, 7, and by, but uniform in all the other parameters.
This completes the analysis of case (A). O

5. THEOREM WITH « IRRATIONAL: CASE (B)

In this section we handle case (B). Still, the lower bound condition (L§]) is not needed
in Proposition B.11

Proposition 5.1. Let S(N) be as in (3.5), and h an analytic function whose Fourier
coefficients satisfy the upper bound condition (1.7). Assume condition (B). Then

S(N) < Nlog ™ N + N(log N)5¢ (5.1)
where A > 0 is arbitrary and the implied constant depends on A, T, and by only.

Proof. 1t is sufficient to estimate T'(N) defined as in (4.I8) under the condition (B). We
can repeat the argument in case (A) but with J there replaced by J—1. Thus in (£I8) the

factors e(by f1), e(bafa),...,e(bafs_1) can be removed by repeated application of Fourier
18



analysis, but the factor e(byf;) remains in the summation in (£I8)). Hence, instead of
(4.38)), we have in the present situation,

|T(N)| < X*IT* (5.2)
with

3" =sup

Z p(n)e{n(kiby + -+ kyj165-1) + bafs(nby) + P(n) + mnat|, (5.3)
n<N
where the sup is taken over oo, m, ky, ..., kj_1,61,...,0; 1. Also similar to (&40),
J—1
IT* = (8b,)* "V [ [ (1 + mf@,)*, (5.4)
7=1
where we note that II* does not have any factor involving the subscript J. Similar to
(4.42), we have
I <m) <Y® (5.5)
provided that B is sufficiently large in terms of 7 and b,.

The estimation of ¥* requires more detailed analysis. We should take advantage of the
fact that now 6, is very small. We write f; in (£29) in the form

finby)y =Y h(mym)e (mexl)Ze(ijJ), (5.6)
1<|m|<M j=0

where recall that Mj; =Y /m; by (m Taylor’s expansion gives

, (2migm0 ;)" 33
e(jmb;) = 74—0 07),
(mt)) Z : (6%
and therefore

n—1 2
Ze Jméy) = Z 27rzm9J Z] + O(m*03N*).

Jj=0 k=0 j=0
Hence (5.6]) takes the new form

fJ(nQJ) = CO(MJ)n + %Cl(MJ)QJn(n — 1)

+éc2(MJ)93(n —1)n(@2n — 1) + O{E (M) N1, (5.7)
where
i)k A
(M) = (Qk!) Z m*h(mym)e(m ma;)
1<|m|<M
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for k = 0,1, 2, while
GM) = > [mPlh(mm).
1< |m|<M
Obviously ¢3(M;) < Y®;. Put ¢ = cx(o0) for k = 0,1,2. Then by the upper bound
condition (LT,

a—a)l < ST mPhimgm)| < 3 mbemm

|m|>M m>M g
< eV < N7,
and therefore ¢, (M;) = cx + O(N™*) for k = 0,1,2. Collecting these estimates back to
(1), we have
bng(nHJ) = ng(n) + O(|b2|N_l) + O(|b2|Y¢J€§N4)
with
1 1
Q(n) = con + 5010]”(” —-1)+ 60293(n —1)n(2n —1).
Inserting these back into (5.3)) yields

¥ < sup Z p(n)e{n(ki0y + -+ kj_10;-1) + b2Q(n) + P(n) + mna}
n<N
+0(|ba]) + O([b2|Y @ ,65N?),
where the sup is taken over oo, m, k..., kj_1,61,...,0;_1.

The condition (B) is designed to control the last O-term, which is < N(log N)'~¢ with
the implied constant depending on 7 and by only. Applying Lemma 2.1l again to the above
sum over n, we get

¥* < Nlog ™ N + N(log N)'=¢
where A > 0 is arbitrary and the implied constant depends on A, 7, and by only. The
desired result now follows from this and (5.35)). O

6. THEOREM WITH « IRRATIONAL: CASE (C)

6.1. The result and the idea of proof. In this section we treat case (C) by establishing
the following result.

Proposition 6.1. Let S(N) be as in (3.5), and h an analytic function whose Fourier
coefficients satisfying both the upper bound condition (1.7) and the lower bound condition
(1.8). Assume condition (C). Then

S(N) = o(N). (6.1)



In view of (4.I7), it is sufficient to establish (6.1]) for 7'(/V) with
T(N) = Z p(n)e{ba F'(n) + P(n) + mna}
n<N
as in (4.I]). Here we recall that P(n) is the polynomial of degree at most 2 as in (3.4]),
and F'(n) = fi(nfy) + - - - f;(nb;) with

fia) = Y ﬁ(mjm)e(mjmxl)%, z € [0;,0,N]

1§|m|<MJ
as in (A30) and (A29) respectively. The tool of our proof is the following result of
Bourgain-Sarnak-Ziegler [3].

Lemma 6.2. Let f : N — C with |f| < 1 and let v be a multiplicative function with |v| <
1. Let 7 > 0 be a small parameter and assume that for all primes pr,ps < €7, p1 # po,
we have that for M large enough

S f(plm)f(pzm)‘ <M. 62)

m<M

Then for N large enough

1
< 24/7log=N. (6.3)

T

> v(n)f(n)

n<N
Lemma [6.2] reduces the estimation of T'(N) to that of
T(N) = Z e{byF'(din) — by F'(den) + P(din) — P(dan) + dynma — denma}  (6.4)

n<N

where d; # dy are positive integers. Without loss of generality we assume henceforth that
dy; > dy. Noting that

bgF(dln) — bQF(dQn) = {b2fl (dlnel) — by f1 (dQnel)} +e
+{b2fs(dinby) — bafs(d2nby)},

we can repeat the argument in case (A) but with J there replaced by J — 1. Thus in (6.4)
the factors

€(b2f1)7 6(—b2f1)7 ceey e(b2fJ—1)7 6(_bsz—1)
can be removed by repeated application of Fourier analysis, but the factor
e{b2fJ(d1n‘9J) - bng(dgnHJ)}
remains in the summation. Hence instead of (4.38]) we have in the present situation

IT(N)| < SII (6.5)
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with new definitions of 3 and II. In fact in the above

Z e{n(d1k191 + -+ dlkj_lej_l - d2l191 — dglj_lej_l)

n<N

i:sup

+b2fj(d1n6)]) - bgfj(dgnej) + P(dln) — P(dgn) + (dl - dg)mna} s (66)

where the sup is taken over oo, m, dy,do, k1,... . kj_1,l1,...,1;_1,01,...,0;_1. Also similar
to (E.40),
J—1
I = (8bo) "D T[ (1 + mf @),
j=1

where we note that II does not have any factor involving the subscript J. Similar argument
gives

I<my<y® (6.7)
provided that B is sufficiently large in terms of 7 and b,.

To handle 3, we write f(z) for f;(diz) — f;(daz) so that

film) =" h(mm)e(myma;)

1S‘m‘<MJ

e(dymz) — e(demz)
e(mf;)—1

T e [GJ,GJN], (68)

where recall that M; = Y/mj by definition. We want to estimate 5 by Poisson’s sum-
mation formula and the method of stationary phase. To this end, we need to know the
derivatives of f;(z). We are going to use the third derivative of f;(z), which is

~ _ " die(dymzx) — de(dymz)
(3)(1’) = (27i)3 mAh(mmy)e(mm ja, ) ——— 2 ;
4 1<|mz|<MJ J S e(mby) — 1

the reason for using the third derivative will be explained later. Since ; = —- we have
my

1
m; my

for |m| < M, and hence

e(mfly) — 1 = 2rime, (1 +0 (mij)) |

7O () = — (297;)2 (1 +0 (i»gb(z), (6.9)

It follows that




where
ox) = > mPh(mmy)e(mmzi){die(dimz) — die(dymaz)}. (6.10)
1<m|<M

The polynomial ¢(z) is too long for a stationary phase argument, however the upper and
lower bound conditions (7)) and (L.8]) enable us to cut ¢(z) at some fixed integer D. We
will show in the following subsection that the choice

D = /1] +2 (6.11)
is acceptable, where [x] denotes the integral part of x.

6.2. The polynomials ¢ and ¢p. We denote by ¢p the part of ¢ with |m| < D, that is
¢p(x) = > m>h(mmy)e(mm zi){die(dimz) — die(dyma)}, (6.12)
1<Im|<D

and we want to approximate ¢ by this ¢p. By the upper bound condition (7)), the tail
¢ — ¢p can be estimated as

¢(z) — ¢p(z) < di Y m’lh(mm,)|
m>D+1
< &3 Z m2e” T & diemTPMI (6.13)
m>D+1

where the implied constants depend at most on 7. Next we are going to prove that, when
x is away from the zeros of ¢p(z) by a small quantity ¢, |¢p(z)| is away from 0 by some
quantity depending on 9.

Lemma 6.3. Let P(z) be a complex polynomial of degree n defined by

P(z)=co+crz+ -+ 2", (6.14)
and let 2, ..., z, be the zeros of P(z). Let 6 be a small real number, and around each z;
make o disc D; = {z : |z — z;| < d} where j = 1,...,n. Let T denote the unit circle.

Then for any z € T\{U}_;D;} we have
5 n
Pz (5) 1Pl

where

1Pl = (mZ\m\) (6.15)

We remark that T\{U;D;} is the unit circle with some open arcs removed, and some
of the removed open arcs may not contain any zero of P(z). The total number of these

removed open arcs is at most n.
23



Proof. Suppose that |z;| < 2 for j =1,...,k, while |z;] > 2 for j = k+1,...,n. Then
we can write P(z) = Py(z)P;(z) with

n

= [[-2), A= ]] ¢-2)

7=0 j=k+1

First we note that a lower bound for |P(z)| follows directly from the construction of
T\{U}_, D;}, that is

[P(2)] 2 0" Pi(2)], 2 € T\{U}; Dj}. (6.16)

Next we compute the norms of P and F,, getting

1 k
1Bo|2 = / Py(e(a))Pdr = / 2 [ le(@) — 2 Pde < 23%,
and
1P = /|P )Pz < max|P(2) |/|P0 (2))Pde
< 3% max|P(2)]%.
z€T

The last inequality combined with (G.I6]) gives

Pz (3) 171 % s € TUL ;). (6.17)

Suppose max |P1(z)| is achieved at z = ¢ € T. Then for any z € T we have
zE

[Pz)] ﬁ Z= 5l 7 lml-1 > ghn.
max|[Pi(2)] S0 10—l T S [al 1
The desired result finally follows from this and (G.17]). O
We want to apply the above lemma to ¢p. Dividing ¢p by e(—d; Dzx), we have

e(diDx)ép(x) = ¢p1(z) — ¢p (), (6.18)

where, for ¢ =1, 2,

D A
bpo(z) = d Z m2h(mmy)e(mm x,)e(dymz + d, Dx). (6.19)
m=—D

Recall that we have assumed d; > dz. The norm of ¢p, can be computed as

l¢p.ell2 = di®
2



with
A :
<1>=( > |m|4|h(mmJ)|2> , (6.20)
m=—D

and therefore, by (6.18)) and the triangle inequality,

ool = [[¢p1 — ép2ll2 > [[Pp.1ll2 — @D 2|2
= (&} —d3)® > . (6.21)

If we write z = e(x), then z lives on T and e(d; Dx)¢p(x) can be written as a polynomial,
say P(z), in z with degree 2d;D. An application of Lemma to P(z) asserts that

J

2d1 D
PEIZ (5) 1Pl 2 TULD), (622

where || P||2 is defined as in ([G.15]). Obviously || P2 = ||¢p]|2-
Under the map x +— z = e(z), the pre-image of z € T N {U7_; D;} is a union of small
intervals

Uz c.1]

<L
where L < deg(P) = 2d;D. Note that each I, has length at most 2. It follows from
[6.21)) and (6.22) that, for z € (0, 1]\{Up<rI¢},

ool = (3)

Obviously ® > |h(m,)|, which together with (B.I3) gives

1 1/0\*"P
5100 = 16(0) = o0 2 5(3 ) Ihrma)| - aterm (6.23)
The lower bound condition (L8) implies that |h(m. )| > e ™™ and hence the right-hand
side of ([6.23)) is positive provided that

3 170 b (tD—12)m
dy < 5\ 3 e 2 (6.24)

In view of (6.11]) and (4.22)), the exponent (7D —72)m approaches infinity when N — oo.
Suppose that ([6.24) is satisfied. Then, for z € (0, 1]\{Us<rI¢},

2d1D
60 2 4lon(o) + (plon(@l - o) - 6ol ) 2 5(3) @ (629
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Next we formulate ([6.25) in terms of the function ¢(z6;) with = € (0,6;"']. Write
xf; =& and

Jo =071, (6.26)

that is each J, is an amplification of I, by 6’}1. Note that the length of each J, is < 29}15.
Hence (6.25) implies that, for z € (0,0 \{Ue<rJi},

[o(2bs)| = 1(%)%[)@. (6.27)

This will be used in the following subsection.
An upper bound of |¢(z60,)| will also be necessary. Since the right-hand side of (6.23))
is positive, we have
3
[#(2)| < |¢p(2)] + |¢(2) = ¢p(2)] < Sldp(2)]- (6.28)
Also, by (6.12]) and Cauchy’s inequality,
[op(a) < 2d} Y |mfh(mm,)| < 2d3(2D) 2.
lm|<D
Combining the above two inequalities, we get
|6(20,)] < 6d3D2 @ (6.29)
for any real x. The above upper bound will also be used in the following subsection.
6.3. Application of Poisson’s summation and stationary phase. In this subsection
we estimate X in (€.6]) by Poisson’s summation formula and stationary phase. The follow-

ing lemma of van der Corput (see for example Iwaniec and Kowalski [13], Corollary 8.19),
in particular, will be applied.

Lemma 6.4. Let b —a > 1. Let F(x) be a real function on (a,b) such that
A <[FP(z)] <nA (6.30)
for some A >0 andn > 1. Then
3" e(F(n) < n2AS(b—a) + AT (b— a)?,

a<n<b

where the implied constant is absolute.
Proof of Proposition[61. The sum ¥ in (6.6) can be written as

> e(E(n))‘ (6.31)

n<N
26
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with

E(x) = x(dikibh + -+ dikj105-1 — doliby — - — dalyj_16,-1)
+bofs(26;) + P(dix) — P(dax) + (dy — do)mzay,
where the sup is taken over a,m,dy,ds, kv, ..., ky_1,l1,...,l;_1,01,...,0;_1. If we take

the third derivative of E(x), then all the quadratic and linear terms in £(x) will be killed,
and the argument will be clearer. This is the reason for taking the third derivative of

E(z). Thus (6.9) and (3.4) imply that
E® () = by f¥ (26,)6% = —(270,)b, <1 +0 <mi))¢(er). (6.32)
J

Recall that in case (C) we have m®; > log*® N. We need to handle the following two
possibilities separately:

(C1) m7 < N;
(C2) m} > N.

CASE (C1). In this case we will first conduct our analysis on the subinterval (0,60;'] C
[1, N]. The set (0,8;']\{Us<zJ¢} consists of at most L+ 1 intervals, and we suppose (a, b)
is any one of them. On this interval (a,b) we apply ([6.27) and ([6.29) to get

6630 < |E® (z)] < d36%D (6.33)
with
B=(3/3)*"7, (6.34)
where the implied constants depend on by and D only. This means we can take A = $6%®
and 7 = f7!d} in Lemma [6.4] which implies that
D elB(n) < BT (B5)5 (b~ a) + (8630) 5 (b~ a)® + 1,
ne(a,b)

where we have added a 1 on the right-hand side to cover the case b—a < 1. Summing over
all these possible intervals (a,b) C (0,0;]\{Us<rJs}, which are at most L+1 < 2d;D+1
in number, we get

Yo e(Bn) < BIdN039)60;" + di(B639) 60,2 + di, (6.35)
n€(0,05 1\ {UJ}

where the implied constants depend on b, and D only. The length of each interval J, is
< 0716 by ([6.26), and hence trivially

> " e(E(n) < 055,

nedy
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The number L of these intervals J, is at most 2d; D, and consequently

> e(E(n)) < di07'6,

neUJy

which together with (6.33]) yields

" e(B(n) < BTAdY(030)507" + di(BO3) 50,7 + dy + di05'0 (6.36)
n€(0,0;5]
with the implied constant depending on by and D only.
Now we come to the estimation of ¥. Since E(n) is a periodic function with period 9;1,
we cut the interval [1, N] into two smaller ones [1,60;'K] U ('K, N], where K = [0;N]

and [z] means the integral part of . The main interval [1,0;'K] and the tail interval
(071K, N] must be treated differently, and therefore we split ([6.31)) as

Y <S043, (6.37)

where

So—sup| 30 eln)

ne(L,0; ' K]

, ilzsup' > ele)

ne(0; " K,N]

with the sup having the same meaning as in (6.31). The main interval [1,6;' K] consists
exactly of K periods of E(n), and (6.36]) can be applied to give

Y elEm)

n€(0,0;5]

> elBn) <K

ne(l,07 " K]

< BEB(O30)EN + dy(8620) 502N + dy6, N + dyoN. (6.38)

1
The first term on the right-hand side of (6:38) is bounded from above by < d33-303 N

1o
with the implied constant depending on 7 only, and the second by d; [ _%9§CI>_6N , which
also dominates the third term. Therefore the third term can be erased.

We want to replace the ® by ®; in the second term of (6.38). The definitions (6.20])

and (4.31)) trivially imply

< Y jmlfhGmm)P < @2,
1<m|<M
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In the other direction, we have

®; < 2M; Yy [mf'lh(mym)?

1< m|<M;

< My Y imlfh(mym)? = M,

1<|m|<D

by Cauchy’s inequality as well as an argument similar to (628 to compare the above
longer sum up to M; with the shorter one up to D. Therefore we can substitute the ® in
the second term of ([638)) by @, getting

NY
————— + di0N (6.39)

+d, 578
(mJ(I)J)g

S < d3B73

Wl

my)

where the implied constant depends on by, 7, 75 only. We multiply II with io, and then

apply the bound (6.7)) to get

NY? NY10
RN —+ dlﬁ_%ﬁ -+ dlm%N,

mj)s (mj®,)e

Soll < 3873

where the implied constant depends on by, 7, 75 only. It should be remarked that to the
last term on the right-hand side above, the bound II < mg has been used instead of the
crude bound II < Y.

Now we specify

§ = 3m ;" (6.40)
so that (6.34) implies that

and hence
dEISNy7d1D+9 ley4d1D+10 le

1

Soll < , 6.42
S mph o mye oy .

where the implied constant depends on by, 7, 75 only.

We must check that our choice of § in (6.40) makes the inequality (6.24]) meaningful,
that is (6.24]) does not confine d; to a finite interval. This can be seen easily from the fact
that, under (640), the right-hand side of (6.24]) equals

e(rD=m2)m;

2m30d1 D

which clearly approaches infinity as m; — oo, that is as N — oo.
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For fixed d; we take C' = 20d;D + 20. Then the assumption m}r > qu)J > log4c N
implies that the right-hand side in (€42]) approaches 0 as N — oo.

Soll = o(N) (6.43)

as N — oco. This completes our analysis concerning the main sum io.
To bound the tail sum ¥»; we note that

Y oeEm)= > elB(n) (6.44)
ne(0; KN ne(0,N—07" K]

by periodicity of E(n). The length of last sum is N — leK < 9;1, and therefore it is
covered by case (C2). The argument in case (C2) below will give

S, 11 = o(N) (6.45)
as N — oo.
We conclude from (6.3)), (6.37), (6.43), and (6.45) that
IT(N)| < SoIl 4+ 3411 = o(N), (6.46)

which in turn proves that T(N) = o(N) by Lemma The desired result for S(N)
follows from (4.I7), and this finishes the analysis in case (C1).

CASE (C2). This is similar to the proof of (6.43) in case (C1), and only minor modi-
fications are necessary. In the present situation we start the analysis on [1, N] directly,
instead of on (1,6,]. Thus (6.36]) takes the form

S e(B(n)) < BT3dY(03D)EN + dy(B03®) 5N + dy + dy NG,

n<N

As before we multiply by ﬁ, apply the bound (6.7)), replace ® by ®;, and take ¢ as in
(640). Then we have (6.41)), and hence instead of (6.42]) we have

IT(N)] < X0
d3Ny7d1D+9 d + 1N1Y4d1D+10 d N
<« & — 1(my)3 i 4o (6.47)
(mj)s o5 my

For fixed d; we take C' = 20d; D+ 20 as before. The first and third terms on the right-hand
side are the same as in (6.42)), and can be handled in the same way. To bound the second
term on the right-hand side of (6.47)), we write
+\ 4 +\3
(mJ;) 3 — - 1 - (mJ;) 8 ) (648)
o5 (my®y) @b
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To the term (m7}® J)ﬁ in the denominator we apply the first assumption m®; > log’® N

in case (C), while to the term (m}r)% in the numerator we use the second assumption

(m¥)? < ®;N*1og” N in case (C). Thus (648) becomes

1 Lo c

+\3 8 N3 s
(my)p 1 ®jNPlogs N by
s logs N o3

This ensures that the second term on the right-hand side of (6.47) approaches 0 as N — 0.
This proves that T(N) = o(N) and hence T(N) = o(N) by Lemma again. This
completes the analysis in case (C2).

Proposition is finally proved. O

Proof of Theorem[I.24 Theorem [L.2] follows from Propositions B.11, 2], 511 and O

7. DISJOINTNESS OF i FROM FURSTENBERG’S SYSTEM

7.1. Furstenberg’s example. Furstenberg gave an example of smooth transformation
T : T? — T? such that the ergodic averages do not all exist. Let o be as in §4.1 such that

Qryr < €7 (7.1)

with 7 as in (7). Define ¢_; = qx and set

by =3 AED 7L, (7.2)

e L

It follows from (4.3) and (ZI) that h(z) is a smooth function. We also have h(z) =
g(r + a) — g(z) where

o) =Y |—}€|e<qu> (7.3)

so that g(z) € L*(0, 1) and in particular defines and measurable function. But g(z) cannot
correspond to a continuous function, as shown in Furstenberg [6].

7.2. The Mobius function is disjoint from the Furstenberg example. It is enough
to prove that a smooth conjugation of Furstenberg’s dynamical system above satisfies the
conditions of Theorem To this end we introduce another function

H(z) =Y H(m)e(mx), (7.4)

where

H(m) = e~ 2Iml, (7.5)
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Obviously H(x) = G(x 4+ o) — G(x) where

)
=Y H(m — (7.6)

meZ

We claim that G(z) is smooth, and this can be proved by the the argument in Lemma 4.1
In fact by (4.6) for any positive ¢,

Z < < +1)qkloqu,
IImall

and hence partial integration yields

H o 1
Z (m) < / e—27td{ }
[ma g = [Imall

s SM<dp41
qptm qptm

< q loqu/ te Tt dt < eI,

9k

On the other hand, by (4.1),

1
Y g losgn
[[me|]

ap<m<dp41
qlm

which together with (7.1) gives

H(m
Z [ ( ’)| <e 2quQk+1 log g1 < e "y
qp <m<qpq ma

qp|m
These prove that the series in ({.6]) is absolutely convergent, and hence G(x) is continuous.
In the same way we can prove that G(x) is even smooth.
Now we add h to H so that h + H is smooth, and also

h(z)+ H(z) ={g9(z+ o) + Gz + o)} — {g(z) + G(x)}. (7.7)

However g(z) + G(x) cannot be a continuous function, since G(z) is while g(x) is not.

In the following we want to check that h(x)+ H(z) satisfies the upper bound and lower
bound conditions (L7) and (L8) of our Theorem 2l The m-th Fourier coefficient of
h+ H is

H(m), if m # q;
f[(m)—l—%, if m = qy.
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The case m # g is obvious. To check the case m = g, we apply (43) and (1)) to get
l—el@a) _ 1 1
k Tk ket
which in combination with (Z.5) yields

~ 1 —e(qre) 1
H = .
(qx) + 2 et

Thus the Fourier coefficients of h + H satisfy (I.7)) and (L8], and therefore Theorem
states that the Mobius function is disjoint from the flow defined by h 4+ H.

8. THEOREM [L.3]

For a review of preliminaries of nilmanifolds, the reader is referred to the Appendix §9.

8.1. Structure of affine linear maps. We begin with the structure of affine linear
maps. By §2.4 in particular Theorem 2.12 in Dani [4], any affine linear map 7" of G/T"
can be written as

T=T,00 (8.1)

where T}, is the action of g € G on G/T', ¢ is an automorphism of G such that o(I') =T,
and 7 : G/I' — G/I satisfies (zI") = o(x)I'. It follows that

T(al) = Tyfo(al)} = go (),
and by induction
T"(al) = go(g) - 0" (g)o" ()T (8.2)

We remark that ([82]) itself is not enough to give a proof of Theorem [[L3] since the number
of factors on the right-hand side of (8.2) depends on n.

8.2. Application of zero entropy. To prove Theorem [[.3] we need the fact that the
flow 2" = (T, X) has zero entropy. The main reference concerning the dynamics here is
Dani’s review article [4], Chapter 10. In this setting the flow has zero entropy if and only
if it is quasi-unipotent. So the aim is to prove Theorem [L3] for such flows.

We need some words to clarify the definition. Let T" = T, 0 @ be as in (81)). If all
the eigenvalues of the differential do : g — g are of absolute value 1, then we say that T
and o are quasi-unipotent according to §2.4 in Dani [4]; this holds if and only if all the
eigenvalues are roots of unity. Further, when G is simply connected, the factor of ¢ on
G/|G,G] is a linear automorphism and the proceeding condition holds if and only if all

the eigenvalues of the factor are roots of unity.
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Let X = {Xj,...,X,} be a basis for the Lie algebra g, and for z € G let ¢exp(x) =
(u1,...,u,) be the coordinates of the first kind. Then o(x) can be computed by applying
(@) in the Appendix as follows:

O'(LU) = O'{GXp(ule +-F urXr)}
= exp{(do)(u Xy + -+ u.X,)}
Since do is quasi-unipotent, we may assume that the matrix U of do under X is quasi-
unipotent, and hence

(do)(ur Xy + - +u.X,) = (Xq,..., X,)Uu,
where u denotes the transpose of the row vector (uq,...,u,). It follows that
(do)" (w1 Xy + -+ u, X)) = (Xq,..., X)) Uy,
and therefore
o"(x) = exp{(do)" (w1 X1+ +u.X,)}
= exp{(Xy,...,X,) U u}. (8.3)

Since U is quasi-unipotent, U is a triangular matrix with its diagonal entries being
roots of unity. It follows that there is a positive integer v such that

U =T+ N (8.4)

where [ is the identity matrix and N is nilpotent. From now on we let v denote the
least positive integer such that (8.4) holds. For any n, we can write n = qv + [ with
0 <[ <wv—1, and therefore we can compute U" as

min(g,r—1)
Ut = U = U+ Ny =Y (q) N9,
— J
j
It follows that
Ulu=y (8.5)

where y denotes the transpose of the row vector (y,1(q), ..., yn-(¢)) and each y,x(q) is a
polynomial in ¢ with coefficients depending on U, z, v, and [. Of course degy,, < r — 1
forall k =1,...,r. Inserting (85) back to (8.3)), we have

o"(x) = exp{yn1 () X1 + - + ynr(0) X; }, (8.6)
or, in the notation of ey,
Vexp (0" (7)) = (Yn1 (@) - - -, Ynr(q))- (8.7)
Similar results holds for ¥, (07(g)) with g € G and j =1,...,n — 1, that is
Yexp(07(9)) = (y1(a)s - -, ysr(0)) (8.8)
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where each y;;(q) is a polynomial in ¢ with degree < r —1 and with coefficients depending
on U, g,v, and [. In the special case j = 0 the above just reduces to the coordinates ey, (9)
of g.

Now we apply Lemma in the Appendix n times, so that the above analysis gives

Yexp{go(9) 0" Hg)o"(2)} = Vi), . Yo(q))

where Yi(q),...,Y,(¢q) are real polynomials in ¢ with bounded degrees (which are actu-
ally O,(1) with the O-constant uniform in other parameters) and with their coefficients
depending on U, x, g, v, and [.

By Lemma in the Appendix we can transform the coordinates of the first kind to
those for the second kind. Apply v o 1)L to the above equality,

W{go(g)--- 0" g)o"(x)} = (Yoviy)(Yi(q)....,Yr(q))
= (Zl(Q)> ey ZT(Q))>
go(g) " Hg)o™(x) = exp{Z1(q) X1} - - - exp{Z,(q) X, }, (8.9)

where Z1(q),...,Z.(q) are real polynomials in ¢ with bounded degrees and with their
coefficients depending on U, x, g, v, and [.
For each j = 1,...,r we may write

Zi(q) = cjeq" + -+ + g + o,

where ¢ = deg Z; and the coefficients c;;,’s are reals. Recalling that n = qv + [ with
0 <! <v-—1, we may write Z;(¢) as a polynomial in n as follows

Zi(q) = i’ + -+ yn + ¢y,
where c}k’s are real coefficients depending on U, g, z, v, and [. It follows that
’I’LZ 7
exp{Z;(¢)X;} = exp(c}ZXjnZ) . ~exp(c;-1Xjn) exp(c}o) = b, - bbjo
with ;e = exp(c},X;) etc. Inserting these into (8.), we see that

_ gl gl

go(g)---0"(g)o"(x) i

where bq,...,b, € G and hq, ..., h; are integral polynomials in n. Here it is important to
note that k& does not depend on n. Thus (8.2) becomes

T"(al) = go(g) 0" (g)o"(x)l
= pm ., (8.10)

Compared with (8.2)), this has the advantage that the number k of factors on the right-
hand side is independent of n. This fact will be important for the following lemma to

hold.
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Lemma 8.1. Let v be a positive integer and 0 < | < v. Let G/T" be a nilmanifold and
f: G/I' = [-1,1] a Lipschitz function. Let by,...,b, € G and hy,..., hy be integral
polynomials in n, where k does not depend on n. Then, for any A >0,

ST um) (o™ b)) < Nlog™ N (8.11)

n<N
n=Il( mod v)

where the implied constant depends on G, I, T, f,x,v, and A.

Lemma BTl can be established in the same way as Theorem 1.1 in Green-Tao [9], where
the case v = [ = 1 is handled. Now a proof of Theorem is immediate.

Proof of Theorem[1.3. Recall that v is the least positive integer satisfying (84]), that is
v is fixed. Then each n € N can be written as n = vqg + [ with 0 <[ < v — 1, and our
original sum takes the form

> u)f(T"(al)) = Y. ul)f(T" (D))

n<N n<N
- n=Il( mod v)

N
|
—

N
Il
=)

v—1

n<N
n=I[l( mod v)

=

o

by (BI0). Applying Lemma [R1] to the last sum over n, we get
S wln) F(T"(aT)) < Nlog ™ N
n<N

where the implied constant depends on G,I', T, f, z,v, and A. Theorem [L.3is proved. [

9. APPENDIX: PRELIMINARIES ON NILMANIFOLDS

9.1. Nilmanifolds. Let G be a connected, simply connected nilpotent Lie group of di-
mension r. A filtration G, on G is a sequence of closed connected groups

G:GQZGlD"'DGdDGd_H:{id(;}

with the property that [G;, Gix] C G4y for all j,k > 0. Here [H, K| denotes the commuta-
tor group of H and K. The degree d of G, is the least integer such that G4y = {idg}. We
say that G is nilpotent if G has a filtration. If I' is a discrete and cocompact subgroup of
G, then G/T" = {¢I' : g € G} is called a nilmanifold. We write r = dim G and r; = dim G;
for j =1,...,d. If afiltration G, of degree d exists then the lower central series filtration
defined by
G=Gy=G1, Gj=[G, Gy

terminates with Gy = {idg} for some s < d. The least such s is called the step of the

nilpotent Lie group G.
36



9.2. Connections with Lie Algebra. Let g be the Lie algebra of G, and let exp : g — G
and log : G — g be the exponential and logarithm maps, which are both diffeomorphisms.
We can also define the 1-parameter subgroup (¢'):cr associated to an element g € G, and
thus

exp(X)" = exp(tX)

for all X € g and t € R. For an automorphism ¢ of G we denote by do : g — g the
differential of o. Then we have

o(exp(X)) = exp{(do)(X)} forany X € g. (9.1)
These maps are illustrated below:
G ° G
exp T | log
9 4 0

9.3. Coordinates of the first and second kind. Now we give the notion of coordinates
of the first and second kinds. Let X = {Xj,..., X,.} be a basis for the Lie algebra g. If

g=-exp(u1 Xy + -+ u.X,),

then we say that (uq, ..., u,) are the coordinates of the first kind or exponential coordinates
for g relative to the basis X. We write (u1, ..., u,) = texp(g). If

g =exp(v1Xy) - -exp(v.X,),

then we say that (vi,...,v,) are the coordinates of the second kind for g relative to X,
and we write (vy,...,v,) = ¥ (g). The height of a reduced rational number # is defined to
be max{|a|, |b|}. The basis X is said to be Q-rational if all the structure constants c;;j, in
the relations

[Xi, X;] = Z Cijh Xk
k

are rationals of height at most Q.
The following lemmas describes the connection between the two types of coordinate
systems; they are Lemmas A.2 and A.3 in Green-Tao [§].

Lemma 9.1. Let X be a basis for g such that
lg, X;] C Span(X,41,...,X,) (9.2)

for j =1,...,r — 1. Then the compositions e, © ™" and 1 o ¢e_)i> are both polynomial
maps on R" with bounded degree. If X is Q-rational then all the coefficients of these
polynomials are rational of height at most Q° for some constant C' > 0.
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Lemma 9.2. Let X be a basis for g satifying (9.2). Let x,y € G, and suppose that
Y(z) = (ur,...,ur) and Y(y) = (v1,...,v;). Then

¢0Xp(x) = (Ul, Ug + Rl(Ul), sy Up + Rr—l(u17 s 7u7‘—1>>7
where each R; : R — R is a polynomial of bounded degree. Also,
Vexp(2y) = (w1 + v1,up +v2 + S1(ur,v1), o U + 0 + Spg (U, U1, V1, - V1),

where each S; : R? x R7 — R is a polynomial of bounded degree.
Let Q > 2. If X is Q-rational then all the coefficients of the polynomials R;,S; are
rationals of height Q° for some constant C' > 0.
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